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1. INTRODUCTION 
The purpose of this paper is to present conditions for all solutions of the 
linear delay difierential equation 
YW + PM Ye - T(t)> = 0 (1) 
to be oscillatory, and to present an oscillation theorem for the more general 
equation 
(44 Y’W + PW.0 Y(t), YWN> = 0. (2) 
For these equations it is assumed throughout this paper that 7, p, are con- 
continuous on a half-line [a, oo), r(t) > 0, p(t) >, 0, and 0 < r(t) < m. The 
assumptions on f and g are stated preceding Lemma2 in Section2. Results on 
the growth and boundedness of nonoscillatory solutions are presented in 
Section 3. A solution of (1) or (2) is oscillatory if it exists on a half-line and 
has arbitrarily large zeros. 
For the corresponding ordinary differential equation 
try’)’ + PY = 0, 
the oscillation theory is well established. See, for example, Coles [2], Willett 
[ll] and references cited in these papers. That the oscilatory behavior of 
solutions of (1) differs from that of (3) has been pointed out by Waltman [9]. 
This difference in behavior can also be seen in the equation 
y”(t) - y(t - ?r) = 0, 
which has the solution y(t) = sin t; on the other hand, if p(t) < 0 on LO, co), 
then no non-trivial solution of (3) is oscillatory. 
The main results of the paper are contained in Theorems 1 and 2. Although 
Theorem 1 is a special case of Theorem 2, I feel justified in including 
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Theorem 1 because its proof seems not to rely as strongly on the non- 
negativity of the coefficient p as the proof of Theorem 2 does, and because 
the techniques used to prove Theorem 1 are usually associated with the linear 
equation (3). Indeed, it first appeared that non-linear delay-type equations 
would be more tractable, so far as oscillation theory is conconerned, than 
linear equations. Gollwitzer [4] and Waltman [9] have applied “non-linear” 
oscillation techniques to delay-type equations of the second order. 
2. MAIN RESULTS 
The following lemma allows the use of a technique introduced by Coles [l] 
to give a short proof of a classical oscillation theorem for equation (3). 
LEMMA 1. ~fp(t)>O,(p(t)~O),O<~(t)<mfora~~t>aandyisa 
solution of equation (1) that is ultimately positive, then y’(t) > 0 for all t 
st@iciently large and there is a constant K > 0 such that utlimately 
YG - M)/v(t> 2 K- 
Proof. If y(t) is ultimately positive, then so is y(t - T(t)) and therefore 
y”(t) < 0. This means that y is concave down so that if y’(t) < 0, y(t) would 
become zero again, which is contrary to the hypothesis. Hence y’(t) > 0 for 
all t sufficiently large. Now suppose that to is larger than the last zero of 
y(t - m). Then for t 2 t,, , y(t - m) < y(t - T(t)) and 
Y(t - T(t>>/Y(t> 3 Y@ - m>/Y(t)* 
Let g be the function whose graph is the line tangent to the graph of y at 
(t - m, y(t - m)) for some t > to ; that is, 
g(s) = y’(t - m)(s - t + m) + y(t - m). 
Since y is concave down, 
r(t - N/r(t) > 
Y(f - 4 
g(t) 
= & - 4 
g(t) * 
Let x = -y(t - m)/y’(t - m) + t - m. Then g(x) = 0 and because of 
similar triangles we have 
YO - d/r(t) P=- g(t - 4/g@) = (x - t + 4/(x - t) 
= y(t - m)/j-y(t - m) + my’(t - m)]. (4) 
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But y’(t - m) is decreasing so that the last member of (4) increases to a 
positive limit K as t -+ 00. Hence 
Ye - MYY(t) 2- Y@ - 4/w) z IE 
for all t sufficiently large. 
THEOREM 1. Ifp(t) >, 0,O < 7(t) < m fuy all t > a, and g p(t) dt = co, 
then all solutions of (1) are oscillatory. 
Proof. Suppose the theorem is false. Then there would exist a solution y 
that is ultimately positive, and therefore y”(t) < 0, y’(t) > 0 for sufficiently 
large t. Let x = y’/y. Then 
and since the divergence of the integral J,“p(t) dt implies that p(t) + 0, it 
follows from Lemma 1 that 
x’(t) + @)’ + ‘$(t> < 0; 
thus for t,, su&iently large and t > to , 
X(t) + 1 t Z(S)2 dS < X(t,) - K fop(S) ds < 0. t?J 
to 
Let h(t) = JtO ~(5)~ ds. Th en it follows from (5) that h2 < h’, from which it 
follows that 
t - t() < l/&J - I/h(t) < Ip@,) 
for large t. This contradiction implies that all solutions have arbitrarily large 
zeros. 
Recently, Waltman [9] proved that all continuable solutions of the equation 
(2) are oscillatory under the conditions that r(t) = 1, p(t) >, 0, g(t) -+ cc as 
t -+ co, f (y, w) has the sign of y and w when they have the same sign, and 
f (y, VI) is nondecreasing in y and w. For the oscillation theorem presented 
here we make the following assumptions on f and g: 
(i) g(t) -+ c-0 as t -+ 00, 
(ii) if y and w are of one sign, then f (y, w) has that sign, 
(iii) f (y, w) is bounded away from zero when y and w are. 
Note that condition (iii) is satisfied if condition (ii) is satisfied and f is 
continuous, or if (ii) is satisfied and f is nondeereasing in y and w. 
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The following lemma is helpful in proving an oscillation theorem for (2) 
with non-constant Y. 
LEMMA 2. If p(t) 3 0, (p(t) $z 0), r(t) > 0, Jr (l/r(t)) dt = 00, con- 
ditions (i)-(iii) hold undy is a solution of (2) that is ultimately positive, (negative), 
then y’(t) > 0, (y’(t) < 0), for all large t. 
Proof. If y(t) > 0 for large t and the lemma is false, then there is a point 
point to larger than the last zero of y(t) and larger than the last zero of y(g(t)) 
such that y’(t,) < 0. For t > t,, 
PWY’WI = -PWf (r(t), YW>>> G 0 
and therefore r(t)y’(t) < r(t,,)y’(tO) < 0. It follows, after dividing by r(t), 
integrating from t,, to t, and letting t -+ CO, that y(t) is ultimately negative, 
which is contrary to the hypothesis. A similar proof can be given if y(t) < 0 
for large t. 
THEOREM 2. If p(t) > 0, r(t) > 0, J,“p(t) dt = co, Jz (l/r(t)) dt = co, 
and conditirms (i)-(iii) hold, then any solution of equation (2) that exists on a ray 
(a, co) is oscillatory. 
Proof. Suppose there is a solution y that exists on (a, oz) and that y(t) > 0 
for all large t. By Lemma 2, y’(t) > 0 for all large t so that y is non-decreasing; 
it then follows from conditions (i)-(iii) that there is a positive constant k 
such that k < f (g(t), y(g(r))) for all t sufficiently large. Thus 
(r(t) Y’W + PW G 0 
and for to sufficiently large and t > t,, an integration yields 
r(t) y’(t) - r(to) y’k,) + k 1” P(S) ds G 0. 
6 
(6) 
But k JiOp(s) ds --z co as t --+ co so that (6) implies that y’(t) is ultimately 
negative, contrary to Lemma 2. A similar argument works if y(t) < 0 for 
large t. 
3. BOUNDEDNESS AND NON-OSCILLATION 
The proof of Lemma 2 suggests the following theorem. 
THEOREM 3. If (i)-(iii) hold, p(t) 3 0 and y is a non-oscillatmy solution 
of (2) on an interval (a, co), then there are nonnegative constants k, , k, such 
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that [ y(t)/ < h, + R, & (l/r(s)) ds. In particular, ;f sc (l/r(s)) ds < 00, then 
all solutions existing on (a, 00) are oscillatory or bounded. 
Proof. If y is a non-oscillatory solution of (2) that is ultimately positive, 
then for all t sufliciently large @y’)‘(t) < 0 and it follows after integrating, 
dividing and integrating again that 
0 < YW d YW -t a) Y’(6-J f, WW) ds* 
The proof is complete if we take k, = 1 y( to) [ , k, = r(t,) / y’(te)/ . If y is negative 
for all large t, the process used above leads to the inequality 
y(t) 3 Y&J + mY’(t*) ,:, ww d.r* 
In this case 
0 < I Y(Ol = --r(t) < -Y&J) - r(t,)Y’(to) I:, W(s)) ds 
and we let kr = j y( to) j, K, = r( to) I y’( t,,) j. 
The next theorem includes an extension to linear equations of a result 
obtained by Gollwitzer [4] for non-linear equations., In order to avoid 
Gollwitzer’s requirement in [4] that the exponent y in equation (8) below 
be the ratio of odd integers the Signum functions is used: as usual sgn y = 1 
if y > 0, sgny = -1 if y < 0, sgn 0 = 0. 
THEOREM 4. Let p(t) > 0, suppose that p and T are continuous @actions 
with 0 < r(t) < m, suppose that y > 1. Then the condition 
I 
Co 
q(s) ds = co 
a 
(7) 
is a necessary condition that all solutions of the equation 
Y”(f) + PW I r(t - GN I At - dO)lY w YW = 0 (8) 
are oscillatory. For y > 1, (7) is a su.cient condition that all solutions of (8) 
are oscillatory; fm y = 1 (7) is a su.cient condition that all bounded solutions 
of (8) are oscillatory. 
Proof. If y > 1, then this result has essentially been established by 
Gollwitzer [4]. For y = 1 the proof of the necessity of (7) for oscillation is 
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the same as that used by Gollwitzer for y > 1; Gollwitzer’s sufficiency 
proof requires a slight modification. Indeed, if y is a bounded solution, and 
y(t) > 0 for all t sufficiently large, then there is a point c such that y”(t) < 0, 
y’(t) > 0, y(t) > 0 for t 2 c. Therefore y(t - m) < y(t - T(t)) for t > c, so 
that multiplication of (8) by t/y(t - T(t)) and integration yields 
,: (sY”(s))/Y(s - m> ds < - j: q(s) ds. 
After integrating by parts and using the fact that y’(s - m) > y’(s) it is clear 
that (9) can be written as 
+ j+’ [v’(s) y’(s - m)/y”(s - m)] ds < - j: q(s) ds. (10) 
c 
Since y is bounded, the left side of (10) is bounded below while the right 
member goes to ---co. This contradiction completes the proof. 
Equations of the form (8) without delay have been studied by Gollwitzer 
[5], [6] and Kiguradze [S]. Gollwitzer [4], [6] has also treated a non-linear 
delay equation of the form (8) where 0 < y < 1, and his results parallel 
those without a delay (see Heidel [4] and references there). 
The author wishes to acknowledge severeal helpful suggestions of the 
referee, and wishes to thank Professor J. W. Heidel for pointing out an 
error in an earlier version of Theorem 4. 
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